In the spirit of Getzler and Jones' work in [6], we extend our work in [2] to the case of Hopf comodule coalgebras. We introduce the cocylidrical module C♮H, where H is a Hopf algebra with S 2 = id H and C is a Hopf comodule coalgebra over H. We show there exist a cocyclic map between the cocyclic module of the cross coproduct coalgebra C >◭ H and ∆(C♮H), the cocyclic module related to the diagonal of C♮H so that these two cocyclic module are isomorphic in the cocommutative case. With similar methods we approximate ∆(C♮H) by a spectral sequence and we give an interpretation for E 0 , E 1 and E 2 terms of this spectral sequence.
Introduction.
Getzler and Jones in [6] introduced a method to compute the cyclic homology of crossed product algebras A ⋊ G where G is a group with an action on A. This method is based on constructing a cylindrical module, A♮G, and showing that ∆(A♮G) ∼ = C • (A ⋊ G). Then by using the Eilenberg-Zilber theorem for cylindrical modules, one obtain a quasi-isomorphism of mixed complexes ∆(A♮G) ∼ = T ot • (A♮G) and a specral sequence converging to HC • (A ⋊ G). We used the the same method in [2] to generalize their work to Hopf module algebras with the action of a Hopf algebra on an algebra A, where its antipode S satisfy the condition S 2 = id. In this paper we continue our work in [2] to obtain similar results for Hopf comodule coalgebras. We construct a cocylidrical module C♮H and we show that there exist a cocyclic map between cocyclic structures of the diagonal of C♮H, denoted by ∆(C♮H), and the crossed coproduct coalgebra C >◭ H. These two cocyclic structures are isomorphic in the cocommutative case. We apply the Eilenberg-Zilber theorem for cylidrical comodules to get a quasi-isomorphism of mixed complexes, ∆(C♮H) ∼ = T ot
• (C♮H), and we approximate T ot • (C♮H) by a spectral sequence. We give an interpretation for the first three terms of this spectral sequence. In our computations we find the invariant cocyclic module C
• H (C) that is dual to C H • (A) that we found in [2] . The reader can find the preliminary material for this paper in [2, 6, 8, 10 ].
The Cocylidrical Module C♮H.
Let H be a Hopf algebra and C a left-comodule on H, so that H has the coaction α : C → H ⊗ C which is compatible with coproduct of H, i.e. (id ⊗ α) • α = (∆ ⊗ id) • α and id = (ǫ ⊗ id) • α. In the formal sum notation if we write ∆ C (a) = h( 1) ⊗ a( 0) and ∆(g) = g 0 ⊗ g (1) where a ∈ C, g ∈ H then
and
Where ǫ is the counit of H. Now let C be a coalgebra. C is a left H-comodule coalgebra if the left coaction obeys (1) and h( 1) ǫ(a( 0) ) = ǫ(a)
Where ǫ is the counit of C. If H is a bialgebra or Hopf algebra and C a left H-comodule coalgebra then there exist a left cross coproduct coalgebra C >◭ H defined as C ⊗ H with the coalgebra structure
for g ∈ H and a ∈ C. From now we assume H is a Hopf algebra with S 2 = id H and we omit using the sum notations for simplicity.
Let C♮H = {H ⊗(p+1) ⊗ C ⊗(q+1) } p,q≥0 , where C is an H-comodule coalgebra. We define the operators τ p,q , ∂ p,q , σ p,q andτ p,q ,∂ p,q ,σ p,q as follows:
and we see that
Theorem 2.1. C♮H with the operators defined in (1),(2) is a cylinderical comodule.
Proof. We verify only some of the important identities. The other identities are similar to check.
3 Relation of ∆(C♮H) with the Cocyclic Module of the Crossed Coproduct Coalgebra C >◭ H.
We define the map φ :
q ) where C
• (C >◭ H) denote the cocyclic module of the crossed coproduct coalgebra C >◭ H.
We show that φ is a cocyclic map. Proof. We show that φ commutes with the cosimplicial and cocyclic operators:
If H is a cocommutative Hopf algebra then
Proof. We define
One can check that ψ is a cocyclic map and
so in the cocommutative case we have φ • ψ = id.
Invariant Cocyclic Module C • H and Cyclic Cohomology of ∆(C♮H).
Let M be a left H-comodule with the coaction ∆ M . We denote the space of p-cochains on H with values in M by C p (H, M) = H ⊗p ⊗ M, and we define the coboundary δ :
We denote the p-th cohomology of the complex (C
Now we define a coaction on the first row of C♮H, C a 0 , . . . , a n ) such that ∆(g | a 0 , . . . , a n ) = (1 | g | a 0 , . . . , a n ). Now with the same method as [6] we replace the complex (C♮H, (∂, σ, τ ), (∂,σ,τ )) with the complex ( s,t) ), under the transformation defined by the maps β :
We see that β • γ = γ • β = id. We find the operators, (d, s, t), (d,s,t) under this transformation.
• First we computeb = βbγ. Sincē
we see that,
i , g
i , . . . , g p | g | a 0 , . . . , a q )
So we have,
• To computet = βτ γ we see that,
So we conclude that
and fors i = βσ i γ 0 ≤ i < p we havē
Therefore we conclude that,
• Next we compute the operator b = βbγ. We have
i , . . . , a q )
So we conclude that,
i , a
• We consider s i = βσ i γ and t = βτ γ.
Therefore we have
By the above computations we can state the following theorems.
, with the operators defined as follows, are cocyclic modules, where
Proof. proof is similar to [6] . If p = 0 then
So the ker δ 0 is the invariant space.
Corollary 4.1. C
• H (C) with following operators is a cocyclic module. | a 0 , . . . , a n ) = (g | a 0 , . . . , a i , a i+2 , . . . , a n )ǫ(a i+1 ) 0 ≤ i < n d i (g | a 0 , . . . , a n ) = (g | a 0 , . . . , a
i , a i+1 , . . . , a n ) 0
0 , a 0 , . . . , a n , a Proof. Proof is a corollary of theorem (4.2). For more clarity we prove it directly. The operators are well defined on the invariant space, for example for t since tb =bt andb(g | a 0 , . . . , a n ) = ∆(g | a 0 , . . . , a n ) − (1 | g | a 0 , . . . , a n ) if tb = 0 thenbt = 0 . To show for example t n+1 = 1 we see that in the invariant space we have,
(1 | g | a 0 , . . . , a n ) = (S(g (2) )(h ( 1) 0 . . . h( n ) = (g | a 0 , . . . , a n ) Now we use the Eilenberg-Zilber theorem for cocylidrical modules to conclude H
• (T ot(C♮); W) ∼ = HC • (∆(C♮H); W). To compute the cohomologies of the mixed complex (T ot
• (C(C♮H), b +b + u(B +B)), we filter the complex C
• (C♮H) by the subspaces
If we separate the operator b +b + u(B + TB) asb + (b + uB) + uTB. From the result of Theorem(4.1),(4.2) we can deduce the following theorem.
